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Abstract. 

For a, (3,6 G [0, 1], a + /3 = 1 we consider sets 
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We prove that for different (ax,/3i), (a 2 , /3 2 ), «i + (3\ = a 2 + /3 2 = 1 and 5 small enough 

BAD*(ai,/3i;<f)QBAD*(a 2 ,/M) ^ - 

Our result is based on A. Khintchine's construction and an original method due to Y. Peres and W. 
Schlag. 



1. Introduction. 

For a, (3 G [0, 1] under condition a + (3 = 1 and 6 G (0, 1/2) we consider the sets 
BAD(a,P;5) = U = (6,6) e [0, l] 2 : inf m a x{y>||Ki||,/||K 2 ||} ^ 5 
(here 1 1 • 1 1 denotes the distance to the nearest integer) and 

BAD(a, 0) = \jBAD(a,/3;S). 

In [I] W.M. Schmidt conjectured that for any aii, a 2 , (3\, (3% £ [0, 1], a.\ + (3\ = a 2 + fii = 1 the 
intersection 

BAD(a 1 ,/3 1 )p)BAD(a 2 ,/3 2 ) 
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is not empty. This conjecture is still open. Up to now it is only known that for any a, P G [0, 1], a + 
(3 = 1 the set 

BAD(1, 0) p|BAD(a, p) p|BAD(0, 1) 

is not empty. In fact A. Pollington and S. Velani [2] proved that this intersection has Hausdorff 
dimension equal to 2. Some multidimensional generalizations are due to S. Kristensen, R. Thorn, S. 
Velani [3] and R. Akhunzhanov [4]. We would like to note that the papers [2], [3], [4] mentioned above 
use H. Davenport's approach [5],|6J. 
In the present paper we consider sets 

BAD*(a, /?;<*) = {{= G [0, l] 2 : inf m aX {(plog(p + (plog(p + l))^!!} ^ 5 

Obviously 

BAD(a, /3; 5) C BAD*(a, (3; 5). 
As the series Y^pLi P iog(p+i) diverges one can easy see that the set 

BAD*(a, P) = \J BAD*(a, (3; 6) 

<5>0 

has Lebesgue measure equal to zero. 

The aim of this paper is to prove that the intersection of the sets BAD* (a, P; 5) is not empty. 
Theorem 1. Let an, a 2 , Pi, P2 G [0, 1], cti + Pi = a 2 + (3% — 1 and < 5 ^ 2 -20 . JTien set 

BAD(0, 1; 5) p| BAD*( ai , Pi, 5) f| BAD> 2 , 5) 

is not empty. 

The proof is based on old construction due to A. Khintchine [7] and recent arguments due to Y. 
Peres and W. Schlag [8]. It is possible to prove by our method that the intersection of any finite 
collection of the sets of the type Bj = [J s>0 BAD*(<x,, Py, 5) with a.j + Pj = l,j = 1, d has positive 
Hausdorff dimension. Also our two-dimensional result admit multidimensional generalizations. 
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2. Bohr sets. 

For real £ define 



and 



Hf \p, q) = {* e N : p < « < | M | < (p i og J +1)) , } 

Af V,?) = {"E«: P < x < 9, « (xlog( f +1)) , } £ fff(p,9)- 

We define £ 6 R to be is a 5-badly approximable number if inf pe N p|b£|| ^ F° r 5-badly 
approximable number £ and any real number 77 the pair (77, £) belongs to BAD(0, 1; 5). 
Lemma 2. _For a 5-badly approximable number £ £/ie following inequality is valid: 

4 (iog(p + i)r 



Proof. The number of elements in (p, 2p) is bounded by the number of integer points in the 
region 

Sl(p) = \(x,y) Gl 2 : 0^x^2p, \x£ - y\ ^ 



{p\og{p + \)Y\ ■ 

We should note that (0,0) G but (0,0) G" H^\p,2p). Hence the number of integer points in 
H^\p, 2p) does not exceed the number of integer points in Q(p) minus one. 
For The measure of fi(p) we have 

Let there exists an integer primitive point (po,ao) G Q(p),po ^ 1 (otherwise #H^(p,2p) = 0). 
As £ is a 5-badly approximable number we have 

S . , 5 
— < Po£ - a \ ^ — — - — — — -s 
Po (plog(p+ l)f 

and po ^ (plog(p + l))' 3 . Now we consider two cases. 



In the first case we suppose that all integer points in Q(p) are of the form \(po, a ) with integer 
A. Then the number of such points does not exceed [2p/p ] + l ^ 2p/(plog(p+l)) /3 + l = n^^^jw + 1 
and lemma follows. 

In the second case the convex hull of all integer points in the region is a convex polygon II 
with integer vertices. Let m be the number of integer points in fl(p). Then m = mi + m 2 ^ 3 where 
rrii is the number of integer points inside II and m-i is the number of integer points on the boundary 
of polygon II. According to Pick's formula we have 

- ^ mi + -± - 1 = /i(n) ^ ti(Q). 
o 2 

Now lemma follows from (pQ) . 

r 2 2 ~1 

Corollary 3. Put q = log + 1 and let 5 < 1/24. Then for a 5-badly approximable 



number £ and a G [0, 1] one has 



Y 7 , / 7v\ < 2 6 (1 + log(l/5)). 



(xlog(x+l)) 

xeKf >(p,q) 



Proof. 



i < \^ l < \ ^ wtLp{Zp,z p) 



v arlog(x + l))« ^ ^ ^ (zlog(x + l))" ^ (2"plog(p+ 1)) 



Applying Lemma 2 we obtain 

1 4(245 + 2) "t^"' 1 , , 



(xlog(x + l)) a log(p + l) 

and Corollary 2 follows. 
3. Sets of reals. 

For integers l^x, O^y^x define 



E a (x,y)=(y-- - —r^ ,-+ 1+an 7 — p^ V ^«(x) = Ms«(x,j/)n[0,l]. (2) 

\x x 1+a (log(x + l)) a x x 1+a (\og(x + l)) a J 11 
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Define 



1(0, a) = 0, l(x, a) 



log(x 1+Q! (log(x + l)) a /28) 



(3) 



Each segment form the union E a (x) from j2]) can be covered by a dyadic interval of the form 



b b + z 



z = 1,2. 



Let A a (x) be the smallest union of all such dyadic segments which cover the whole set E a (x) 
Define 

A c a (x) = [0,l]\A a (x). 



Then 



Al(x) = \Jh 



where closed segments l v are of the form 



a a + 1 



a G Z. 



(4) 



Now we take to be a 5-badly approximable number and reals a\, a 2 , @2, (3 2 from our Theorem 1. 



Let for convenience 



max{ai, a 2 } = ol\. 



Define B = [0, 1]. For q ^ 1 we consider sets 

/ \ / 



B n 



n n 

For q ^ these sets can be represented in the form 



n ^ 



B q ={Jj„\jB' q 



where segments J v are of the form 



b 6+1 



2%m)' 2^9.^1) 



bez 



(5) 



and B' q consist of only finitely many points. 

We should note that for any q the set B q is a closed set and the sequence of these sets is nested: 

B x D B 2 D ■ ■ ■ 2 B q D ■ ■ ■ . 



Hence to prove Theorem 1 it is sufficient to find an infinite sequence of values of q for which the sets 
B q are nonempty. 

3. Lower bounds for fJ,(B g ). 

Lemma 4. Let n(B q ) ^ 0. Then for every i 6 {1,2} and for 



x >T log J 



(6) 



one has 



x)) € 



85 n {B q 



'x\og(x + 1)) Q * 



Proof. Write 



Tx 

B q ={Jj»{jB>, A ai (x) = \Jl k , 

k=X 



where J u are of the form ([5j) and Ii are of the form (jlj) with a = oti. Let H J v ^ 0. Remember 
that E a . (x) C A a . (x) Then for some natural y we have 



V 

- E 

x 



1 



6 + 1 1 



The quantity y here can take not more than 



W 



1 



values. Now 



6 



and 



H (B g f) A ai (x)) < /i (4) WT q = p (B q ) 



X — r X 



3x 2 l( - q ' a ^' 



From (IHl) we see that 



25 



From 



2«(x, Ql ) (xlog(x + l)) Q i 
it follows that x/log(x + 1) ^ ? 2 /5. Hence 



< 2 x - < x - < 

2»(*>«0 ^ x 1+a * ~" {xlog{x + l)) a * x/log(x + 1) ^ {xlog{x + l)) c 



Now Lemma 4 follows. 



Lemma 5. Let < 5 ^ 2~ M . Let q x 



+ i, g 2 



+ 1. Lei we know that 



(7) 



Then 



Proof. As 



we see that 



But 



B q 2 = B qi \ 



(( 

U A ^ 



/ 



u 



[J ^"2 



x 



\x€K^\ quq2 ) ) ) 



v(B g2 )>»(B qi )-J2 v{B qi nA ai {x)) 



B qi nA ai (x) C B,n4(x) 



Applying Lemma 4 we have 



(8) 



^{B qi n A ai {x)) ^ fi{B q n A ai {x)) ^ 



SSfx (B q ) 



|^xlog(x + l)) c 



To continue this estimate we use and obtain 



v{B qi nA ai {x)) ^ 



165/1 (B, 



[x log(x + l)) ai 



(9) 



Then 



lead to the inequality 



n{B q2 ) ^ fx(B, 



i - 165 x E 



1 



\ 



v 



xeK^ (91,92) 



(x log (a; + 



/ 



For the last two inner sums we use Corollary 3 with p — q\, q — q%. We should take into account that 
from the condition 5 < 2~ 20 we have 2 9 <5(1 + log(l/<5)) ^ 1/2. Now Lemma 5 follows. 



Theorem 1 follows from Lemma 5. Define go = 0, q v+ \ = 
Lemma 5 we have ^{B qv ) ^ 2~ u . It means that flgeM-^ - 



+ 1. As fi(B ) = 1 from 
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